N = 1 FORMAL GENUS GROMOV-WITTEN THEORIES 
AND GIVENTAL'S FORMALISM 



E.FEIGIN 



Abstract. In \Gi3 Givental introduced and studied a space of for- 
mal genus zero Gromov-Witten theories GWo, i.e. functions satisfying 
string and dilaton equations and topological recursion relations. A cen- 
tral role in the theory plays the geometry of certain Lagrangian cones 
and a twisted symplectic group of hidden symmetries. In this note we 
show that the Lagrangian cones description of the action of this group 
coincides with the genus zero part of Givental's quantum Hamiltonian 
formalism. As an application we identify explicitly the space of N = 1 
formal genus zero GW theories with lower-triangular twisted symplectic 
group modulo the string flow. 



Let X be a compact Kahler manifold and H = H*{X) be the space of 
cohomology of X equipped with a non-degenerate Poincare pairing (■,•). 
Let 3f+ = H C[z] be the big phase space. The genus g Gromow-Witten 



thus can be considered as a function on the big phase space. 

There exists a large family of relations which are satisfied by all descen- 
dant potentials ([BP], [EX], [FSZ] . [Gel] . [Ge2] . [LT] . [LSS] . [Ma] ). These 
relations come from the geometry of the moduli spaces M 9) „. They include 
the string and the dilaton equations (see |W1] ). and the set of topological 
recursion relations (see [Gel] ). In |Gi2] . |Gi3] axiomatic approach to the 
study of the so called formal Gromow-Witten theories is developed. Namely 
the idea is to capture the main properties of geometric Gromow-Witten po- 
tentials and to consider the space of functions satisfying those properties. 
Recent applications of Givental's formalism include Frobenius structures 
(see [Li], LL2], [L3], [LP]), r-spi n Gromow-Witten theory (see [FSZ] .[GZ]h 
integrable systems ( [Gi4j . [FSZ] . [Mi] ), topological and cohomological field 
theories ([T], [K], [3]). 

The simplest and the most concrete is the genus zero case. The space of 
formal genus zero Gromow-Witten theories GWq is defined as follows. Let H 
be an ^-dimensional vector space equipped with a non-degenerate bilinear 
form (•, •) and a distinguished vector 1 £ H. Consider a space of functions 
F(to, ti, . . . ) satisfying the string equation, the dilaton equation and the set 
of genus zero topological recursion relations. In particular, genus zero parts 
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of geometric Gromov-Witten potentials and genus zero parts of Witten's r- 
spm potentials (see [WQ, [JKV] ) are elements of GWq. It is proved in [CG| . 
[GIT] that the space of formal genus zero theories can be equipped with an 
action of infinite-dimensional symplectic Lie groups G+ and G_ (the so- 
called upper- and lower-triangular twisted loop groups). The existence of 
these groups of hidden symmetries is a very powerful tool for the study of 
formal theories (see |LP| . |L3] and references within). 

There exist two definitions of the action of twisted loop groups. The first 
one is based on the quantization of certain Hamiltonians (see [Gi2]) and 
goes through the infinitesimal action of the corresponding Lie algebras on 
the space of total descendant potentials. We recall some details in Section 1. 
The second definition is based on the Lagrangian cones formalism (see [CG], 
[Gi3j). Namely let !K = H (g) C[z, z -1 ]] be the space of Laurent series with 
values in H equipped with a symplectic form 



The Lagrangian decomposition "K = % + H g z^C^" 1 ]] (5£+ is a big 
phase space) leads to the identification of "K with the cotangent bundle 
T*K + . For F € GWq let H F ^ "K be a graph of dF (recall that F can 
be viewed as a function on !H+). In [Gi3] the system DE + SE + TRR is 
rewritten in terms of geometric properties of Lp. This approach allows to 
define the action of G± on GWq as well as to study the properties of this 
action on the subspace GWq s of semi-simple theories. 

In this paper we suggest another - more algebraic - approach to the study 
of the space of formal genus Gromov-Witten theories. The main points 
are the exact formula for the action of the lower-triangular twisted loop 
group and the form of the expansion of elements of GWq as Laurent series 
in a distinguished variable. We will deal only with the action of the lower- 
triangular group G_ since the "opposite" group G + doesn't preserve the 
space (see [Gi3| for the discussion of possible completitions). We briefly 
describe our approach below. 

First, starting from the Lagrangian cones formalism we derive exact for- 
mula for the action of G_ . The resulting formula coincide with a genus zero 
restriction of the Givental's quantum action of the twisted loop group on 
the space of total descendent potentials (see |Gi2j ). Thus we prove that the 
Lagrangian cones approach and quantization procedure produce the same 
actions of G_ on genus formal theories (see also [Gi3| , |Llj , [L3J ) . 

Next, using the dilaton equation we write elements of GWq as Laurent 
series in a distinguished variable. Namely we fix a basis {(f) a }^ =1 of H such 
that 0i = 1. This gives a basis <j) a <8> z n of !K+ and the corresponding 
coordinates t". We show that any element F £ GWq can be written in a 
form 




(1) 




n>0 
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where c n are homogeneous degree n polynomials in variables t%, (a,n) 7^ 
(1, 1). As an application we study N = 1 case. We show explicitly that the 
group G- acts transitively and, modulo the string flow, freely on the space 
GWq. We note that for N = 1 the group G + acts trivially on GWq (see [Gi2j, 
[FPj ) . Thus our results agree with Givental's theorem which states that for 
general N one needs the action of both groups G± in order to generate the 
whole space GWq starting from the Gromov-Witten potential of N points. 

We finish the introduction part with a following remark. The results 
of our paper seems to be known to experts. The novelty is an algebraic 
approach to the Givental's theory. The advantage of this approach is two- 
fold. Firstly, it makes dome constructions more clear and allows to prove 
certain statements or simplify the existed proofs. Secondly, we hope that 
our approach can be applied to the study of non-semisimple GW theories, 
which are not covered by the geometric theory (see a discussion in [L3] ) . 

Our paper is organized as follows. In Section 1 we recall main points 
of the Givental's formalism. In Section 2 we derive exact formulas for the 
action of the lower-triangular subgroup on GWq. In Section 3 we recall the 
connection with Frobenius structures. In Section 4 we describe explicitly 
the space GWq for N = 1. 

Acknowledgements. EF thanks M.Kazarian, S.Shadrin and D.Zvonkine 
for useful discussions on Givental's theory. This work was partially sup- 
ported by the RFBR Grants 06-01-00037, 07-02-00799, by Pierre Deligne 
fund based on his 2004 Balzan prize in mathematics, by Euler foundation 
and by Alexander von Humboldt Fellowship. 



In this section we recall main points of the formalism developed in [CGj . 



Let H be an iV-dimensional vector space equipped with a symmetric non- 
degenerate bilinear form (■, •) and with a distinguished nonzero element 1. 
Let !K be the space of Laurent series if((z -1 )) in z . This space carries a 
symplectic form f2: 



The space Ji is naturally a C[z, z _1 ]-module. Any operator M(z) € End(JC), 
which commutes with the action of z can be written in a form M{z) = 
^ igZ M{Z l . If M(z) preserves f2 then one has 



where * is adjoint with respect to (•, •). An algebra of End(-ff)-valued Lau- 
rent series End(H)((z ) acts on the space "K. 

Lemma 1.1. LetM(z) G End J fT((z" 1 ) be a series such that M*(—z)M(z) = 
Id. Then M { = for i > 0. 



1. Givental's formalism 



[GH],[Gi2j. 




M*{-z)M{z) =Id, 



4 



E.FEIGIN 



Proof. Suppose M» = for % > N > 1. Then because of M*(-z)M(z) = Id 
one gets M^Mn = 0. Therefore Mn = since (•, •) is non-degenerate. □ 

The group of operators S(z) = Id + X^>o ^^ z% satisfying S*(— z)S(z) = Id 
is called the lower-triangular group. We denote it by G-. The elements 
of this group are sometimes called the calibrations of Frobenius manifolds 
(see Section 3). They are also involved in the ancestor-descendent potentials 
correspondence (see [Gi2],[KM]). 

Remark 1.1. The upper-triangular group G+ consists of the operators 

R(z) = U + ^RiZ*. 

i>0 

These operators play the central role in the Givental's theory of Frobenius 
manifolds and formal Gromov-Witten potentials (see [Gil] ). We are not 
considering the group G+ in this paper because of two reasons. First be- 
cause of Lemma \1.1\ the upper-triangular group does not exactly fit the La- 
grangian cone formalism (see [CGj . [Gi3| for discussion of possible modifi- 
cations). Another reason is that in our main application (N = 1) we only 
need the action of the group G- (because of Faber-F 'andharipande relations, 
see [Gi2],|FP];. ' 

We now describe the action of the Giventals group on the axiomatic genus 
theories and the quantization formalism. Let {4> a } be a basis of H, such 
that cpi = 1, (4> a ,4>p) = 9a,p- Let t n be an element of H <S> z n . Then we 
set t n = Ylia^n^a- In what follows we deal with functions F(to, ti, . . . ), 
ti € H. We write d a ^ n for the partial derivative with respect to t". As 
usual, (g^ 13 ) = (ga^y 1 . 

By definition, a function F(to,t\, . . .), £j 6 H is called axiomatic genus 
zero Gromov-Witten theory if it satisfies the string equation (SE) 

Y,t?d a , l F(t)-d 1A F(t) = 2F(t), 

i>0 

the dilaton equation (DE) 

J2tfd a ,iF(t) - d hl F(t) = 2F(t), 

and the system of topological recursion relations (TRR), labeled by triples 
of integers k, I, m > and a, (3, 7 = 1, . . . , dim if: 

5a i fc + i5 /3i z5 7im F(t) = d ayk d^QF(t)g^ v d VtQ dp t id ltm F{t). 

We denote the set of functions satisfying string, dilaton and topological 
recursion relations by GWq. It is convenient to introduce the dilaton shifted 
variables 
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In new variables the system (DE), (SE) and (TRR) for the function F(q) 
F(qo, qi, ■ ■ ■ ) reads as 



^(?f^F(q)=2F(q), (DE) 

i>0 

Y,Q? + id a ,F(q) = ~(q ,qo), (SE), 

i>0 

d a ,k+id(3,idy tm F(q) = «9 a ,fe9 At ,oi ? (q)5 At ' iy ^ i0 «9/3,/9 7 , m i ? (q). (TRR) 
Lemma 1.2. Any axiomatic genus zero theory F can be written in a form 
(2) F(a) = ^Tfe 1 ) 2 -"^, 

n>0 

where c n are degree n series in variables q°, (a,n) ^ (1, 1). 
Proof. Let 

4-OL j.Q„ 

l k - % ■ ■ ■ L kn 

be a monomial satisfying (aj, k{) ^ (1, 1). Let a£(Z) be a coefficient of 

in F(to,ti, . . . ). Comparing the coefficients of t^(t\) in the right and left 

hand sides of the dilaton equation one gets 

a<*(l + l) = a<Z(l)^ T - n -. 

But the same relation holds for the coefficients b(l) of t l in the expansion of 
(1 — t) 2 ~ k . Now Lemma follows from the relation q\ = t\ — 1. □ 

Remark 1.2. For i/ie genus Gromov-Witten potential of the point F^ we 
have 

C3 = -^(<7o) 3 , c = ci = c 2 = 0, 
o 

because the Deligne-Mumford spaces Mo.o, Mo,i and Mo,2 a^e missing. In 
general, the coefficients cq, c\ and C2 do not vanish. 

In [Gi3j Givental constructed an action of the group of il-preserving op- 
erators on the space GWq. We briefly outline his construction. Let n be 
some nonnegative integer. Recall the coordinates q° in the space H <g) z n , 
n > 0. We denote by p° the Darboux coordinates with respect to £1 in the 
space H (g) z~ n ^ 1 and set 

N N 

Q=l 0=1 

where <^ Q = X^/jLi Q^^fi- Thus any element of can be written in a form 

Y J q n z n +Y;Pn(-zr n - 1 - 

n>0 n>0 




6 E.FEIGIN 

For any F G GWq let Hp C IK be a graph of dF. Namely, 

(3) = \ y^m-z)- 1 - 1 + E^ 1 : p? = 

[ i>0 i>0 

Because of the dilaton equation (DE) the subset Hp is a cone. 

Theorem 1.1. [Gi3] >1 cone L <Z 'Ji is equal to some Lp for F G GWo */ 

and only if L is Lagrangian and for any f G £ i/te tangent space Lf = TfH 
is tangent to £ exactly along zL. 

Corollary 1.1. The group G- acts on GWq. 

The following simple Lemma will be important for our computations: 

Lemma 1.3. Let F be an element of GWq and let Hp ^ "K be the corre- 
sponding cone with the projection ir : Hp — ► !H + . Then 

2i? (q) = J2(pi,qi), p = ^q- 

i>0 

Proof. Follows from the definition of Hp and the dilaton equation. □ 

Another description of the action of G_ can be given in terms of the genus 
zero restriction of the Givental's quantization formalism. This theory defines 
an action of the groups G± on the space of total descendent potentials, 
involving all genera. Namely, let g + , g_ be Lie algebras of the groups G + , 
G-. Explicitly, 

g ± = {^2a t z ± *:a* = (-iy +1 a l }. 

i>0 

For any a G Q± consider a Hamiltonian 

H a {f) = hl(afJ). 

The element / G 3~C can be written in a form / = YLi>QPi(~ ;z )~ i ~ 1 + 
^2i>QqiZ l , Pi,qi G H. Thus H a is a quadratic function in variables pf, 
qj. The quantization rule 

PiPj ^ ?i>di,adj,/3, pfq? >-» qj,pdi, a , qfqP i-> h~ x q^ a q jfi 

defines operators H a on ^-series with values in the space of functions on 
"K + = "K (g) C[[z]]. The exact formulas are given in |L1| (see also |FSZ| ). 
Namely 

(4) = e Y( s ^r+ndn,p + ^E EfaM-^ftf-i-n' 

n>0 a,/3 n=0 a,/3 

(5) iQ = E Efaw^+M + 2 S Efawc- 1 ) 1 * 1 ^-!-^ 

n>0 n=0 a,/3 
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where I > and (a) at p are entries of a matrix a in the basis cj) a of H. These 
formulas give rise to the action of the groups G+ and G— on the space of 
formal total descendant potentials of the form 

J = exp(/i- 1 F + Fx + hF 2 + . . . ). 

In the following Corollary we extract the genus zero part of the action 
of G-. We use the notation q(z) = ^2 i>0 qiZ l and write F(q(z)) instead of 
F(q). 

Corollary 1.2. Let F be a genus part of a total descendent potential Z. 
Then the genus zero part of the image S{z)3 is given by the formula 

(6) (S(z)F)(c L (z))=^(W k>l q k , qi ) + F([S- 1 (z)c L (z)] + ), 

k,l>0 

where the operators W k i o,re defined by 

(7) yW hl= (S*r 1 (w)S-Hz)-ld 

Z— f z k w l Z + W 

k,l>0 

and [«S , ~ 1 (z)q(z)] + is a power series truncation of the series S~ 1 (z)cl(z). 

Proof. Follows either from the formula (JH) or from the genus zero restriction 
of the formula from [Gi2j, Proposition 5.3. □ 

Remark 1.3. The change of variables q(z) — > [S' _1 (z)q(z)] + is not always 
well-defined operation. One should be careful to avoid infinite coefficients 
in the decomposition dH after the substitution. In the following Lemma we 
formulate a sufficient condition. 

Lemma 1.4. Let S\ = 0. Then the expression FoQS 1-1 (z)q(z)] + ) is well- 
defined. 

Proof. We consider a summand {q\) 2 ~ n c n from the decomposition ([2]), where 
c n is a degree n polynomial in variables q®, (a, n) ^ (1, 1). After the change 
of variables q(z) — > [S ,_1 (z)q(z)] + the series c n remains independent of 
because of the condition S\ = 0. Therefore the sum 

{Y,(q\f' n c n ){[S- l {z)q(z)] + ) 

n>0 

is well-defined. □ 

2. "Negative" (lower triangular) subgroup 
Let S{z) = 1 + S\z~ l + S2Z~ 2 + . . . be an element of the group G_, 

(8) S*(-z)S(z) = 1. 
For instance 

SJ + 5i = 0, 5 2 * + 5^1 + 5 2 = 0. 
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Let -F(q) be a formal theory, Lp be the corresponding Lagrangian cone. 
We use Lemma fl .31 to compute the action of G- on GWq. By definition 
S{z)(p,q) = (p',q'), where 



(9) % = E S < 



n>0 



(10) p> = Y^(-l) n S nPt . n - (-I) 1 Si+n+iqn- 

n=Q n>0 

Lemma 2.1. 

(11) E(^' <?0 = E( K ' % ) ~~ E( -1 ) l ( 5i + 190 + ^+291 + • • • , q'i)- 

i>0 i>0 i>0 

Proof. Using the formulas ([9]) and (|10p we obtain 

E(pU)=E (E(- 1 ) n5 ^--+(- 1 ) n+1 E 5 '^+^^) • 

j>0 i>0 \n=0 n>0 / 

The direct computation shows that because of the relation S*(—z)S(z) = 1 
all the terms of the form (p^q'j) in the right hand side vanish. The rest 
terms are exactly the right hand side of (jlip . □ 

Lemma 2.2. Let W^i, k,l > 6e operators defined by 

(12) S-^Hff- 1 ^)-! = y- (Wfc^ft) 

z + w ' z*W 

/c,/>0 

TTien /or any i > 

(-l) i +l^S' i+n+ ig n = Ew r M9fc- 

n>0 fe>0 

Proof. Using the definition of q' k we obtain 

k 

(13) E^Sfc = E(E W m,iSk-mhk. 

k>0 k>0 m=0 

To compute Ylm=o ^m,iSk- m we multiply (fT2|) by £(z) from the right: 

P4) V ^« aw = g--WS- 1 M-i s( , ) = sf-wj-sw 

fc,Z>0 

We now decompose the rightmost and leftmost expressions in (|14p. 

TU 1 ^ 

E = E ^/ E W'm.i 5 *-™ , 

k,l>0 k,l>0 m=0 



S(-w) - S(z) 



fej>0 



— 1) +1 Sk+i+i- 
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We conclude that £Lo W m +S k _ m = (-l) l+1 S k +1+1- Lemma is proved. □ 
Theorem 2.1. a). The action of the group G- is given by 

(S(z)F)( q ) = F([S-\zMz)] + ) + I Yl ( W k,lQk,qi), 

k,l>0 

where [S , ~ 1 (z)q(z)] + is a power series truncation. 

b). The action of the Lie algebra g_ is given by the genus zero restriction of 
the formula Q . 

Proof. Formula (jlip and Lemma 12.21 show that 

(S(z)F)ti) = F(q(z)) + 1 -W(c l '^). 
Now part a) of our theorem follows from the equation 

£g^ = p(s)q(*)]+- 

The statement b) of the theorem follows from the part a) . □ 

Corollary 2.1. The definition of the action ofG- via the Lagrangian cones 
formalism is equivalent to those given via the genus zero restriction of the 
Givental's quantization procedure. 

Proof. Follows from Corollary 11.21 and Theorem 12.11 □ 

3. Frobenius structures. 

In [Gi3] Givental used the Lagrangian cones technique to study Frobenius 
structures on H ([D\). In particular he proved that each element of GWq 
determines a Frobenius manifold structure on H. In this section we reprove 
this statement algebraically. 

Lemma 3.1. Let F E GWq. Then the function <&(q), q € H defined by 

$(q)=F(q,0,0,...) 
satisfies the WDW equation. 

Proof. Let 1 < a,b,c,d < N = dimH. We introduce the notation 

(15) D = d afl d bt id cfl d dfl F. 

We denote by TRR^.p^^ the topological recursion relation which cor- 
responds to the triples (k,l,m), (a,/3,j). Differentiating both sides of the 
relation TJ£R& i ;C) o ;< ^o with respect to we obtain 

(16) D = dafid bfl deflFg ef dffidcflddflF + d bfi d e ,oFg ef d ffi d a ,od c fid dfi F. 

Similarly, differentiating both sides of TRRb t i- a ,o;d,o with respect to we 
obtain 

(17) D = d C: od bfi d efi Fg ef df fi d afi d dfi F + d bfl d efi Fg ef d ffi d afi d cfi d dfl F. 
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The equality of the right hand sides of (fl~6j) and (fTTl) imply the WDVV 
equation for <£((/): 

d a d b d e <s>g ef d f d c d d <s> = d c d b d e $ g ef d f d a d d <s>. 

□ 

Lemma above is equivalent to the following Corollary (see [Gi3j ). 

Corollary 3.1. Each F € GWq determines a Frobenius manifold structure 
on H via the multiplication 

N 
A=l 

The exact formulas for the action of G_ provide an immediate corollary 
(see pS]). 

Corollary 3.2. Let S(z) be an element of G- such that S\ = (see Lemma 
\l-4\) - Then the action of S(z) does not change the Frobenius structure. 

Proof. By definition 

N 

Al p {S{z)F) = J29 jX do,xdo, a d ^(F([S- 1 (zHz)} + )), 

A=l 

where derivatives are taken after the substitution t± = t% = ■ ■ ■ = 0. But 

(F([S-\zUz)] + ) - F(q(^))) ti=t2= ... =0 = 0. 
Corollary is proved. □ 

4. The rank 1 case 

In this section we consider the case N = dimi^ = 1. We show that the 
space GWq form a single orbit of the lower-triangular group. 

We first recall that the genus Gromov-Witten potential of a point is 
defined by 

ff(* ,ti,...) = En E t n---U n l_ 

n>3 H ' ii,t2,...,tn>0 JMo.n 

where tpi denotes the first Chern class of the line bundle on Mo whose fiber 
at the point (C, x±, . . . , x n ) is equal to T*.C. The Laurent series expansion 
, qi , . . . ) in variable q\ starts with 

ppt = __9o_ _ J_QoQ2 
6qi 24 qf 

It is easy to see that if N = 1 then 

i>l i>l 
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are abelian Lie algebra and Lie group. The topological recursion relations 
are labeled by triples of nonnegative integers. We set g\ y \ = 1 and denote 
the relation 

dk+\did m F(q) = d k d F(q)dodid m F(ci) 

by TRRk^m- We also use a following notation: let (A) be an equality of 
two series in the variable q\\ 



(A) 



We denote an equality G n = H n by (A(n)). 

Recall (see Lemma \l.2\i that any element F £ GWq can be written in a 
form 



(18) 



n>0 



where c n are degree n series in variables qo, q 2 , .... Consider the string 
equation (SE). We note that equations (SE(n)) are trivial for n > 2 and 
the first 3 nontrivial equations are of the form: 



<9 ci = 0, 
9qC2 + ^qi+idiCi = 0, 



i>2 



doC3 + <?2Ci + ^2 qi+idiC 2 = ~^q%, 



(SE(2)), 
(SE(1)), 

(SE(0)). 



i>2 



In general the following Lemma holds. 

Lemma 4.1. An explicit form of (SE(n)), n < is given by 

doC-n+3 + (-« + l)q2C-n+l + q i+1 diC_ n+2 = 0. 

i>2 

It turns out that among the TRR equations we only need the TRRq\\. 
In the following lemma we write this equation explicitly. 

Lemma 4.2. Equations Ti?i?o,i,i( n ) are trivial for n > —4. Equations 
Ti?i?o,i,i( n )> n < — 4 are given by 

(n + 3)(n + 2)(n + l)c_ n _i = ^ (2 - n 2 )(l - n 2 )9o c m^oc„ 2 - 

ni+ri2=2— n 

Lemma 4.3. For any F € GWo i/ie coefficient of q^ 1 is a cube of some 
linear form. That is 



(19) 

for some constants on, i > 2 



1 , 

C3 = -77(^0 + «2<?2 + "393 + 
O 
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Proof. Using relations (SE(0)) and (SE(1)) we obtain <9 2 c 2 = 0. Therefore 
the relation (Ti?i2o,i,i(— 4)) reads as 



Using the relation <9qC 3 = 1 (which comes from (SE(0))) we derive that 



Corollary 4.1. The group G'_ = G_/{exp(az ),a G C} acts freely on the 
setGW . 

Proof. We first recall that because of the string equation the action of z~ l G 
0_ on GWo is trivial. Next, Theorem 12.11 shows that the coefficient of gf 1 
in exp(— az 2fc+1 )i ? , > 1 is equal to 

a? a 2 
C3{qo + ag2fc+i + y<?2(2fc+i) + • • • > Q2 + ag 2+ 2fc+i + y <72+2(2fc+i) + •••,...)• 

Corollary is proved. □ 

In the rest of this section we prove that G- acts transitively on GWq. 

Lemma 4.4. Let F G GWq and let c 3 = — g(<?o+02«2+- ■ ■) be the coefficient 
°f a \ l in F. Then 

• «2 = 0; 

• i/ a, = for i < 2N - 1, N = 1, 2, . . . , then a 2 N = 0. 

Proof. We apply derivatives <9q9 2 to both sides of (SE(0)) and obtain 



6c 3 = 2d 2 



' C35oC 3 . 



6c 3 = (d 2 c 3 ) 3 . 



Lemma follows. 



□ 




i>2 



This gives a 2 = 0, because <9o c i = and c 2 is a degree 2 series. 
Now suppose a 2 = a 3 = • • • = a-iN-i = 0- Let 




The equation (SE(1)) gives 

(20) c = -fafl, ci = ~P3,0Q2 

Thus, the equation (SE(0)) reads as 

~(<lo + a 2 q2 + . . . ) 2 - g 2 (/? 3i o<?2 + /?4,o<?3 + • 



/34,0<?3 



i>2 j>0 



Extracting the coefficient of q n Qo we obtain a 2 = and 

(21) a n = /3 n _i >0 ,n > 3. 
The coefficient of g 2 g n) n > 2 gives 

(22) Ai+1,0 = Pn-1,2- 
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Finally the coefficient of qiqj, i, j > 3 yields 
(23) Pi-lj + = <*i a i 

Thus we obtain the following equations: 

«2n = /?2n-l,0 = /?2n-3,2 = tt2n-3Q!3 _ P2n-4,3 



1 .2 



= «2n-3"3 - a2n-4«4 H ± ^n+l' 

This proves our Lemma. □ 
Lemma 4.5. ^4 point F € GWo is uniquely determined by the q^ 1 -coefficient 

C3- 

Proof. Formulas (f2Tj) . ([22]) and ([23]) show that /3y can be expressed via a^. 
Therefore co,ci,C2 are determined by C3. 

We now show that the same is true for c n with n > 4. In fact, the 
equation Ti?i?o,i,i( — n ~~ 1) allows to express c n in terms of doc n and c m , 
m < n. But using SE(— n + 3) we can write <9oc n via c n _i and c n _2- Lemma 
is proved. □ 

Corollary 4.2. T/ie group G- acts transitively on GWq. 

Proof. Note that the coefficient of q^ 1 in Fq* is equal to — ^P-. Therefore 
it suffices to show that for any F £ GWo there exist complex numbers 
ci3, 05, . . . such that the coefficient of qV 1 in 

exp(a 3 2T 3 + a 5 z~ 5 + . . . )F 

q 3 

is equal to — ^. We find 02^+1 by induction on k. Let 

!/ ^3 
--(?<) + a 3 ?3 + ---) 
O 

be a coefficient of q^ 1 in F. Then the coefficient of qV 1 in exp(«32; _3 )i ? is 
a cube of a linear form that contains no q^ term and therefore (because of 
the Lemma l4.4p no q^ term. Now suppose that the coefficient of q^ 1 in F is 
given by 

n3 

~g WO + a2fc+l<72A:+l + a2fc+2<72fc+2 + • • • ) • 

Then the coefficient of q^ 1 in exp(a2fc+i-2 ;_2fe ~ 1 )F is a cube of a linear form 
that contains no qi terms, i < 2k + 1 and therefore (because of the Lemma 
I4.4p no <72fe+2 term. This yields our Corollary. □ 

Theorem 4.1. The set of solutions of {DE), (SE) and (TRR) is isomor- 
phic to C°° via the map 

(a 3 , a 6 , . . . ) h-> exp(^ a 2 i+iz~ 2l ~ 1 ) ■ Ffi*. 

Corollary 4.3. The system (DE) + (SE) + (TRR) is equivalent to (DE) 
+ (SE) + (TRR 0X1 ). 
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Proof. Follows from the proof. □ 

Remark 4.1. For general N one needs both groups G± to generate the space 
GWq starting from the potential of N points. But for N = 1 the Lie algebra 
g + (see (f5|) ) acts trivially on due to the Faber-Pandharipande relations 
(see [EE],). 
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